By using both linear and nonlinear terahertz spectroscopy on epitaxial Bi and Bi 1-x Sb x thin films, we systematically investigated the linear and nonlinear terahertz dynamics of Dirac electrons. The linear terahertz transmittance was analyzed by the Drude model up to 50 THz, and then the plasma frequency and the damping constant were evaluated as functions of the film thickness and Sb-concentration. We found surface metallic state for Bi ultra-thin films, while semimetal to semiconductor crossover for Bi 1-x Sb x thin films. In the nonlinear terahertz spectroscopy, the terahertz transmittance increases with increasing the field strength, which could be assigned to the carrier acceleration along the Dirac-like band dispersion at the L point in the Brillouin zone. In addition, we observed the terahertz-induced absorption in terahertz-pump and terahertz-probe spectroscopy, which could be assigned to carrier generation due to Zener tunneling in Dirac band structure. The results demonstrate that Bi-related materials are promising candidates for future nonlinear terahertz devices.
INTRODUCTION
Bismuth (Bi) is one of the well-known materials that has been extensively studied in condensed matter physics [1] . It has a very small Fermi surface and bandgap at L point of the Brillouin zone, and exhibits large magneto resistance, large diamagnetism, and quantum size effect. These extraordinary physical properties have drawn considerable interest in the physics of Bi-related materials even in the recent years [2] . In particular, large atomic number of the Bi yields strong relativistic effect such as the spin-orbit coupling, leading to characteristic electronic states such as surface metallic and prototypical topological surface states [2, 3] . The semimetal to semiconductor transition is also expected by tuning physical parameters such as doping level, pressure, and sample thickness [3] [4] [5] [6] . It is currently considered that these interesting physical properties originate from the peculiar band structure of Bi-related materials. Bi has both electron and hole pockets in the Brillouin zone, and the band structure near the electron pocket (L point) is non-parabolic and has a small bandgap [1] . It is known that the band structure near the L point can be A t.
approximated by the Wolff Hamiltonian (anisotropic Dirac Hamiltonian), yet most of the physical properties could be well interpreted by the isotropic Wolff Hamiltonian, which is written as,
Here, is the Pauli matrixes, the wavevector, and the asymptotic velocity, with an analogy to Dirac Hamiltonian [1] . The band gap energy of Bi-related materials is as small as the order of a few tens of meV, making the effective mass small, and giving rise to strong interband coupling [1] . Furthermore, the band structure can be continuously modulated by the Sb doping; the material changes from semimetal (Weyl semimetal, x=0.04) to topological insulators (0.07<x) as shown in Fig. 1 . Thus, the electronic properties in this material system are interesting, because we can systematically investigate the band structure or the Fermi energy dependence on Dirac electrons by only tuning the Sb concentration.
In contrast to the magnetic and electrical properties, the optical properties of Bi-related materials have been less studied [7, 8] because the intense electromagnetic wave with the energy scale close to the small band gap energy was unavailable until recently. However, recent development of the terahertz technology enables us to access the optical nonlinearity in the wide range of material systems [9] . Here, we demonstrate that Bi-related materials show extremely large nonlinearity in the terahertz range, because of the characteristics of Dirac electrons: light effective mass and the narrow band gap [10] . In the following sections, we will describe how high-crystallinity Bi-related thin films were fabricated and characterized [11] , and what exotic electronic responses to the terahertz field were observed.
EXPERIMENT

Fabrication of Bi-related thin films
We deposited epitaxial thin films of Bi and Bi 1-x Sb x alloys on a silicon (7X7) reconstructed surface using a homemade molecular beam epitaxy (MBE) chamber [11] . The base pressure of the chamber was kept below 10 -7 Pa, which ensured low impurity concentration in the sample. We simultaneously evaporated both Bi and Sb from two Knudsen-cells with the controlled evaporation rates. The total evaporation rate was kept below 0.02 nm/min. to obtain high-crystalline films. The film thickness was monitored by a conventional crystal oscillator, and the Sb concentration was cross checked by using X-ray fluorescence and X-ray photoelectron spectroscopy. We confirmed the crystallinity of the films by using reflection high-energy electron diffraction (RHEED). The samples were then post-annealed at 350 K. 
Linear terahertz spectroscopy
For understanding the carrier dynamics in Bi 1-x Sb x thin films, we first examined the terahertz transmittance using a homemade broadband terahertz time-domain spectrometer that covers up to 10 THz. The broadband terahertz wave was generated from a photo-conductive antenna excited via a 15-fs Ti:sapphire oscillator with an output power of 400 mW and a repetition rate of 80 MHz in the reflection configuration, whose geometry avoids the terahertz absorption from the substrate [12] . The transmittance for the higher frequency region up to 50 THz was measured by a conventional Fourier transform infrared (FTIR) spectrometer. The transmittance was defined by the ratio of the terahertz spectrum transmitted through the Bi 1-x Sb x thin films to that through the Si substrate.
The observed broadband terahertz transmittance spectra for different film thicknesses and Sb concentrations are shown in Figs. 3(a) and 3(b) . To characterize free carriers for each Bi 1-x Sb x thin film in broadband terahertz frequency regions, 
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Sb concentration x we calculated the whole spectrum using the Drude model combined with the Tinkham equation as ⁄ = 1 − + 1 ⁄ [6] . Here, is the film thickness, the refractive index of the substrate, and the speed of light. Then, the complex dielectric dispersion due to the free carriers is given by the Drude model as,
where is the plasma frequency, Γ the damping constant, and the effective high-frequency dielectric constant. Eventually, we could obtain the plasma frequency and damping constant for each sample as shown in Figs. 3(c-f) . The plasma frequency and damping constant increase with decreasing the film thickness, indicating the increase of the contribution from the surface metallic state. On the other hand, the plasma frequency decreases and the damping constant increases with increasing the Sb concentration up to x=0.07, which is consistent with the semimetal to semiconductor transition. Note that thermally excited carriers might have a significant contribution even in the case of semiconducting samples (x>0.07), reflecting the characteristic of the narrow bandgap in Bi 1-x Sb x samples. The results indicate that the broadband terahertz spectroscopy is suitable for characterizing the carrier properties in Bi-related materials. 
Nonlinear terahertz spectroscopy
To investigate the nonlinear carrier behaviors of Bi-related materials, we used the experimental setup similar to that previously reported [13] . A Ti:sapphire regenerative amplifier with an output power of 2 mJ, a repetition rate of 1 kHz, and a center wavelength of 800 nm was used as a light source. The laser output was divided into three beams. These were used for generating the terahertz pump and probe beams, and for gating the electrooptic (EO) sampling to measure the electric field of transmitted terahertz waveforms. For generating the terahertz pump and probe beams, we shined the laser pulses with a given delay time on a LiNbO 3 single crystalline prism with a pulse-front tilt configuration to satisfy Pump -probe delay time (ps) 15 the non-collinear phase matching [14] . The electric fields for the pump and probe beams were detected with the EO sampling method with a 400-μm GaP (110) single crystal. The maximum electric field strength for the pump terahertz pulse was 80 kV/cm, while the typical electric field for the probe terahertz pulse was 4 kV/cm at the sample position.
We summarize the terahertz-pump-induced transmittance change of Bi 1-x Sb x thin films (x=0, 0.16) with different electric field strengths. As shown in Fig. 4 , in which the terahertz transmittance change increases with increasing the field strength in the case of semimetal samples (typically, x=0). On the contrary, the transmittance slightly decreases with increasing the field strength in the case of semiconducting samples (x=0.16). The results demonstrate that two processes may contribute to the observed carrier nonlinearity in Bi-related thin films. To elucidate the origins of the terahertz-pump-induced nonlinearity, we performed the terahertz-pump and terahertzprobe spectroscopy for Bi 1-x Sb x thin films. Figure 5 shows the obtained terahertz induced transmittance change as a function of the pump-probe delay time for x=0 and x=0.16 samples. At the time origin, the transmittance abruptly increases in the case of semimetal Bi thin film, and then, the terahertz-pump-induced absorption with a relaxation time of ~6 ps appears for both semimetal and semiconducting thin films. The induced absorption could be related to the carrier generation process. Note that the second peak observed around ~9 ps is due to the reflection either from the substrate or an EO crystal. 
DISCUSSIONS
Terahertz field acceleration
To understand the nonlinear terahertz behaviors of the Bi-related thin films, we consider the model Hamiltonian with the isotropic hyperbolic band structure as = ± 4 ⁄ + ℏ [1] . The band parameters for pure Bi at room temperature are Eg=15.4 meV and asymptotic velocity c=343 m/s [10] . Then the current induced by the carriers in the conduction band should be written as
Here, − is the charge of an electron, the carrier density of the film, the velocity of the electrons, and the momentum. Because of the non-parabolic band structure, depends on the energy (momentum) of the electrons as in the case of special relativity. If the conduction electrons are accelerated to higher energy through terahertz electric fields, the effective mass increases and the induced current decreases, resulting in the increase of the terahertz transmission, as illustrated in Fig. 4 .
This nonlinear current behavior should be included in Maxwell's equations. For simplicity, we assume that the sample thickness is thin enough compared to the wavelength of the terahertz wave. In this case, the terahertz electric field applied on the thin film could be approximated by the following formula [10] .
Here, is the incident terahertz electric field, and the vacuum impedance. Then, the equation of motion for the conduction electrons are
By solving these equation in the time domain, the terahertz-induced nonlinear transmittance could be numerically obtained by taking the ratio of the spectrum of to that of , as shown by the dashed curve in Fig. 6 . The good agreement between the experimental and theoretical results demonstrates that the nonlinear increase of the transmittance observed in Fig. 4 and 6 is due to the acceleration effect of the conduction electrons in the Dirac band [10] . According to the calculation, the effective mass increases by approximately 2.4 times as heavy as the effective rest mass of the Dirac electrons. These results show that the Dirac band structure plays a key role for the observed large terahertz nonlinearity in conductive semimetallic Bi-related systems. 
Field induced carrier generation
Finally, we also consider the carrier generation processes observed in the terahertz-pump and terahertz-probe spectroscopy. The origin of the terahertz-induced absorption (or transmission decrease) can be assigned to either the terahertz-induced decrease of damping constant or the terahertz-induced increase of the plasma frequency. However, the decrease of the damping constant is unfavorable because the electron temperature should increase after the intense pump terahertz irradiation, resulting in the increase of the damping constant. Thus, the increase of the plasma frequency may contribute to the observed terahertz-induced absorption, which is caused by the increase of the carrier density. There are several possible mechanisms for the increase of the carrier density under the applied terahertz field: the multi-photon excitation, field-induced tunneling, and impact ionization [15] . To distinguish these carrier generation processes, Keydish parameter could be generally used. If this parameter is smaller than 1, then the tunneling ionization dominates the nonlinear process, whereas the multiphoton ionization dominates when it is larger than 1. By calculating the Keydish parameter under our experimental condition, we obtain the value of 0.03, indicating that the tunneling ionization would be the main mechanism for the carrier generation. We will need to calculate the tunneling probability to compare with the observed experimental results for further understanding the nonlinear carrier generation process in Bi 1-x Sb x Dirac electron systems.
CONCLUSIONS
In conclusion, we fabricated Bi 1-x Sb x thin films on a Si 7X7 reconstructed surfaces, and investigated their terahertzinduced nonlinear carrier dynamics. The observed terahertz-induced transmittance was analyzed by the Drude model, and the carrier dynamics in bulk and the surface states were separately obtained. By utilizing the nonlinear terahertz spectroscopy, we observed the increase of the terahertz transmittance with increasing the electric field strength in semimetallic Bi 1-x Sb x thin films, which could be understood by the strong acceleration along the non-parabolic Dirac band structure. Using the terahertz-pump and terahertz-probe spectroscopy, we observed the terahertz-induced transmission decrease due to the carrier generation process. The results demonstrate that Bi-related thin films are suitable materials for observing the strong nonlinearity at the terahertz region even at room temperature.
